Abstract-This article presents the dynamic path planning for a mobile robot to track a randomly moving goal with avoidance of multiple randomly moving obstacles. The main feature of the developed scheme is its capability of dealing with the situation that the paths of both the goal and the obstacles are unknown a priori to the mobile robot. A new mathematical approach that is based on the concepts of 3-D geometry is proposed to generate the path of the mobile robot. The mobile robot decides its path in real time to avoid the randomly moving obstacles and to track the randomly moving goal. The developed scheme results in faster decision-making for successful goal tracking. 3-D simulations using MATLAB validate the developed scheme.
I. INTRODUCTION
Mobile robots are automated machines that are capable of movements in a given environment [1] . Usually, these autonomous mobile robots are used in higher, deeper, riskier environ ments where hu mans cannot imagine tread ing [2] . In order to achieve tasks, they are intelligent in deciding their own act ions. Especially, in an environ ment with obstacles, it is necessary to plan a collision-free path for the mobile robot to reduce cost, energy, time, and distance [1] .
Mobile robots were first installed in factories around 1968 and were main ly automated guided vehicles (A GVs ) and vehicle transporting tools following a predefined trajectory. However, the study in this area deals now with autonomous indoor and outdoor navigation. Autonomous mobile robots execute the task in four stages: perception of the environ ment, self-localization, motion p lanning, and motion generation [2] .
In structured environments, the perception process allo ws maps or models of the world to be generated that are used for mobile robot localization and motion planning. In unstructured environments, however, the mobile robot has to learn how to navigate. The localization process allows a mob ile robot to know where it is at any moment relat ive to its environment. For this purpose, sensors are used that will take measurements of the mobile robot's current state and its environment [2] . In motion planning, the path to be taken is decided and in motion generation, the planned motion is implemented and monitored [3] .
A great number of different techniques have been and are being developed in order to carry out efficient mob ile robot obstacle avoidance, while the obstacle avoidance algorith m determines a suitable direction of motion based on recent sensor data. Obstacle avoidance is performed locally in order to ensure that real-time constraints are satisfied [4] . A fast update rate of the obstacle avoidance is required to allow the mobile robot to move safely at high speeds.
The potential field method is commonly used for autonomous mobile robot navigations because of its simp le and elegant mathemat ical analysis. The basic concept of the potential field method is to fill the mobile robot's workspace with an artificial potential field where the mobile robot is pulled to its goal and is pushed back fro m the obstacles [5] . However, substantial shortcomings that are inherent to these principles do exist and are presented in [6] .
Borenstein and Koren [7] developed the Virtual Fo rce Field approach to detect unknown obstacles and simu ltaneously to steer the mobile robot towards the goal. This method combines the potential field method with a certainty grid. One problem inherent to this method is the possibility of the mobile robot getting trapped. Borenstein and Koren [8] developed the Vector Field Histogram (VFH) approach, a real-t ime obstacle avoidance method, for fast-running vehicles, which has a significant improvement over the Virtual Force Field approach. Brooks [9] ach ieved collision-free path planning by good representation of free space. 3-D collision-free path planning was achieved by Herman [10] . A ll these methods were developed by assuming that both the obstacles and the goal are stationary. In many real-life imp lementations, however, everything is dynamic. Not only the obstacles, but also the goal is moving.
Fujimura and Samet [11] presented a method for path planning among moving obstacles, where time is included as one of the dimensions of the model world. Thus, the moving obstacles are regarded as stationary in the extended world. The majo r problem in this approach is that the informat ion of the obstacle is provided a priori to the mobile robot. Chakravarthy and Ghose [12] presented a collision-cone approach for collision detection and navigation based on kinematic equations. The collision conditions are established based on the range and line-of-sight rates. Ge and Cui [13] presented a dynamic potential field method to avoid randomly moving obstacles and to reach a rando mly moving goal. However, there are some problems, for examp le, local minima and free -path local min ima. Berg and Overmars [14] extended a classical probabilistic road map method, which was originally designed for static environments, to the dynamic environment. This method has limited Recently, Seder and Petrovic [15] presented a dynamic window method. This approach works well in static environments and do not perform well in dynamic environments due to the large difference in the co llision detection and the necessity to control the speed of the mobile robot for the two different environ ments, dynamic or static. Masehian and Katebi [16] p resented a new sensor-based online method for path planning o f mob ile robots with a moving goal among stationary and moving obstacles. Belkhouche [17] introduced the concept of the virtual plane for path planning in dynamic environ ments. The virtual p lane is an invertib le transformation equivalent to the workspace, which is constructed by using a local observer.
In this study, dynamic path planning for a mobile robot that can track and reach a randomly mov ing goal is generated, while mu ltip le randomly mov ing obstacles of various shapes and sizes are avoided. Here, "random" means that the trajectories of the moving obstacles and goal are not known a priori. The MATLA B 3-D simulations mimic closely the real-life environments.
In Section 2, advantages of the proposed method are presented compared to the dynamic potential field method. The concepts of the new mathematical approach are discussed and the related equations are derived. Special cases are also discussed in this section. In Section 3, simulat ion results for the mult iple rando mly moving obstacles and the randomly mov ing goal as well as the tracking path of the mobile robot are presented. Section 4 gives the conclusion and future work.
II. DEVELOPM ENT OF THE SCHEME
The main object of the developed scheme is to propose a new method based on 3-D geometry fo r a mobile robot to track and reach a randomly moving goal in a 3-D environ ment with avoidance of mu ltiple randomly mov ing obstacles, while no knowledge of the movements of the goal as well as the obstacles is known to the mobile robot a priori.
A. Superior to the dynamic potential field method
Ge and Cui [13] proposed a new potential field method for path planning of a mobile robot in a dynamic environment where both the obstacle and the goal are moving. According to this method, the attractive potential is a function of the relative position and velocity of the goal with respect to the mobile robot, and the repulsive potential is defined as the relative position and velocity of the mobile robot with respect to the obstacles. Thus, the virtual force is defined as the negative gradient of the potential in terms of the position and velocity rather than the position only. They discussed two problems when this method is applied to dynamic environments.
(1)Local minimum Consider the case that the mobile robot, the obstacle and the goal are moving in the same d irection along a line and the obstacle is in between the mobile robot and the goal as shown in Figure 2 .1. According to the dynamic potential field method, the mobile robot is always repelled fro m the obstacle and cannot reach the goal. This is called the local min imu m problem. To solve this problem, Ge and Cui [13] suggested that the mobile robot needs to wait until either the goal or the obstacle changes its position. After a certain time of waiting, if the mobile robot is still in the same situation, the conventional local minimu m recovery approaches such as the wallfollowing method proposed by Yun and Tan [18] are applied. In their method, the mob ile robot follo ws the current obstacle contour, which is the boundary of the obstacle that pushes the mobile robot away. Once the mobile robot is recovered from the trapping situation, it will follow the original method to reach the goal. Another kind of local minimu m problem is generated when the goal is within the influence range of the obstacle. Consider the case that both the mobile robot and the goal are near to the obstacle, with the goal in between the mob ile robot and the obstacle, moving along a line as shown in Figure 2 .2. In this case, when the mobile robot tries to reach the goal, it is repelled fro m the obstacle at the same time. The mobile robot can reach the goal only if the velocity of the mobile robot is large enough. This is called the free-path local minimu m problem. This problem is solved by setting the repulsive force to zero, i.e., only the attractive force is taken into account [13] . The developed scheme eliminates the problems of the dynamic potential field method.
(1) The local minimu m problem as well as the free-path local min imu m problem is avoided by moving the mobile robot through the via-point to reach the goal, even though all the aforementioned three bodies are moving along a line with the same direction.
(2)The collision with any obstacle is detected long before the collision could take place. Therefore, the chance for any collision is well prevented. 
B. Collision detection
The convention used in this study relates to analytic geometry and 3-D vectors. . Here, the obstacles are in random movements. The mobile robot has to be alert at all times to avoid randomly moving obstacles and, at the same time, to move towards a randomly moving goal.
(3)Safety zone
The safety zone of the obstacle is the region around the obstacle that the mobile robot must avoid. It is a sphere with radius r around the obstacle as shown in In general, the obstacles are detected by sensors, which are assumed being mounted on the mobile robot. When the mobile robot detects the presence of any obstacle with the help of the sensors, it has to decide whether the obstacle is in its way. The steps below are taken to detect any possible collision with an obstacle.
The equation of a line passing through two points, the mobile robot's current position
where  is a constant. 
Combining (2.1) and (2.2) results in
The line and the sphere may intersect in three possibilities:
(1)No intersection (2)Intersection at only one point (3) Intersection at two points Mathematically, if the quadratic equation (2.3) has no real solution, then the line and the sphere do not intersect (Case (1)). If this equation has only one real solution, then the line intersects the sphere at only one point, i.e., the line is a tangent line to the sphere (Case (2)). If this equation has two real solutions, then the line intersects the sphere at two points (Case (3)).
For Case (1) and Case (2), the mobile robot does not hit the obstacle, and it moves towards the goal without any collision. For Case (3) as shown in Figure 2 .4, there is a collision, since the obstacle is in the way o f the mobile robot to its goal. To avoid the co llision, a feasible path between the current mobile robot position and the goal position needs to be decided. In this study, the path is generated by locating a via-point with the use of the proposed mathematical approach. 
C. Mathematical approach to locating the via-point
A novel mathematical approach is proposed to generate the path of the mobile robot in a 3 -D environment to reach a rando mly mov ing goal with avoidance of randomly moving obstacles. The key of the mathematical approach involves locating the via-point that is to be aimed at so as to avoid the possible collision with any randomly mov ing obstacle by using 3-D geometry of spheres and planes. After locating the viapoint, the mobile robot moves to the via-point and takes its position as the current position for the next movement.
The via-point 
Since the surface here is a sphere described by (2.2),
is a point on the surface of the sphere, the equation of the tangent plane becomes
Simp lifying the tangent plane equation (2.8) by using (2.4) leads to 
It should be noted that this tangent plane is drawn at an arbitrary tangent point and is not unique. The locus of the tangent planes passing through ) , , ( 
These equations can be solved by using the Cramer's Rule.
If K is nonzero (for the planes not passing through the origin of the sphere), the coefficients L , M and N are obtained as follows.
These equations are paramet ric in D . By co mparing (2.11) and (2.12), and using (2.13), D is identified as K.
Therefore, the equation of the plane  passing through three points can be obtained as
Thus, the equation of this plane
The intersection of this plane  and the sphere is also a circle along the circumference of the sphere and is defined as circle N. Figure 2 .7 shows the intersection and the circle N. As well known, t wo circles along the circu mference of a sphere have two intersections as long as the two planes where the c ircles are located are not parallel with each other. Thus, there presents a way to decide the unique tangent point. T and z T of the unique tangent point can be decided by using three equations, (2.4), (2.10) and (2.19). They are rewritten below for convenience. (   2  2  2  2  2  2  2  2  4   2   2  1  2  2  1  4  3   2  2  2  1  2  3 Since (2.28) g ives two solutions, two tangent points are therefore decided. However, only one of them needs to be selected to serve as the via-point. In this study, to reduce the moving time for the mobile robot, the tangent point nearest to the goal is selected. Suppose the two tangent points are ) , , ( 
Now, the v ia-point is located. Whenever the mobile robot detects a possible collision, the mob ile robot aims at this via-point on its way to reach the goal.
D. Special cases
The mathematical approach presented in this study detects any possible collision and locates the via-point if any obstacle is in its way. However, there is a special case that the obstacle is coming fro m any other side towards the mobile robot's current position as the example shown in Figure 2 .8. In Figure 2 RC for each of the obstacles, respectively. If any of these distances is less than 05 . 0  r (where r is the radius of the safety zone), the mobile robot is then going to move in the positive or negative direction of the unit movement vector of the obstacle in concern, wh ich can be obtained fro m the current position and the previous position of the obstacle. In Figure 2 .8, the current and previous position of obstacle 1 are ) , , (
, respectively. The vector
The unit vector of Suppose, at a certain instant, there are R(1.0, 1.0, 2.0), C 1 (3.0, 2.5, 2.0) and C p1 (3.1, 2.5, 2.0). Thus, the unit vector of (C 1 -C p1 )=(-1, 0, 0). Suppose, at a certain instant, there are R(1.0, 1.0, 2.0), C 1 (3.0, 2.5, 2.0) and C p1 (2.9, 2.5, 2.0). Thus, the unit vector of (C 1 -C p1 )=(1, 0, 0). Fro m the examp les above, it is seen that, in this special case, it is absolutely depending on the current movement direct ion of the obstacle in concern for the mobile robot to decide whether to move in the positive or the negative direction of the unit movement vector of the obstacle. Another kind of special case arises when obstacle 1 is on the line created by the mobile robot and the goal and is also moving towards the mobile robot's current position as shown in Figure 2 .9.
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According to the mathemat ical approach, the mobile robot locates a via-point only if the obstacle is in between the mobile robot and the goal. For the present case, the mobile robot locates the via-point to avoid obstacle 3 and moves towards that via-point. However, in the future, there is a chance of collision with obstacle 1, if it continuously moves on the same line and towards the mobile robot's current position. Th is case is essentially the same as the special case before. The only specialty in this case is that the mobile robot detects a possible collision with obstacle 1 that is on the created line but not between the mobile and the goal. In Figure 2 .9, if obstacle 1 is far away fro m the mob ile robot's current position though is on the created line, the mobile robot can ignore obstacle 1 and locates the via-point to avoid obstacle 3. If the d istance between the mobile robot and obstacle 1 is less than r + 0.05, the mob ile robot is to move in the positive or the negative direction of the unit movement vector of the obstacle 1 in the same way as shown in the special case before.
E. Algorithm and flowchart
The steps below give an idea of the algorithm used in this study. Each step is also explained in some detail. (5) or (7). (9) If the goal is reached, go to (10) . Else: go to step (1) . (10) Stop.
The mobile robot finds its own current position and the current positions of the goal and obstacles from sensors. The mobile robot's direction of movement is then defined towards the goal. The mob ile robot creates a 3-D line of infinite length between itself and its goal. For the mobile robot, all the obstacles are in sphere shapes because of the defined safety zone for each obstacle. The intersections of the aforementioned line and the sphere are decided to detect the possible collision as exp lained in Subsection B. For a two point intersection, the mobile robot decides that there is going to be a collision and then locates a via-point. The mobile robot's direction of movement is then changed towards the via-point. The mobile robot also checks for special cas es in every iteration as exp lained in Subsection D. If there is going to be any special case, the mobile robot changes its direction of movement towards the positive or negative unit vector of the obstacle. Then, the mobile robot moves along its direct ion of movement in any one of the defined directions as shown in the flowchart depending upon the situation. If the mobile robot reaches the goal, the algorithm is stopped; otherwise, iterations will continue.
It is worth emphasizing that each time the goal position changes randomly, the mobile robot's direction of movement also changes accordingly. Similarly, as an obstacle moves randomly, the mob ile robot locates a new via-point in the present iteration and changes its direction of movement towards this new via-point. Figure 3 .2 g ives the first set of simu lation results, where the black solid dot represents the mobile robot, and the square represents the goal. The small solid dots represent the path traveled by the mobile robot, and the solid line represents the trail of the goal. The obstacles shown in this set of simu lations are "wrapped" by invisible safety zones with a radius of 2.5 each. The "diamond", "downward triangle", "circle", "plus" and "six-pointed star" stand for obstacles 1-5, respectively. In this study, the velocities of the goal and obstacles are taken as 0.1/ iteration, and the velocity of the mobile robot is taken as 0.2/iteration.
In Figure 3 .2(a), the init ial positions of the mobile robot R (1,12,31), goal G(30,26,23) , and five obstacles are shown. In Figure 3.2(b) , the mobile robot is on its way to reach a randomly moving goal while all obstacles are also moving randomly. The mob ile robot's path and the trail of the goal can be seen. In Figure 3.2(c)-(d) , the paths traveled by the mobile robot at the 110th iteration with different Az and El are seen. The obstacles shown in this set of simulat ions are "wrapped" by invisible safety zones with a radius of 4.5 each. In Figure 3.3(a) , the in itial positions of the mobile robot R (11, 5, 9) , goal G (37, 32, 15) , and five obstacles are shown. In Figure 3.3(b) , the mobile robot is on its way to reach a randomly moving goal while all obstacles are also moving randomly. The mob ile robot's path and the trail of the goal can be seen. In Fro m Figure 3 .3(e)-(g), it is clear that the mobile robot has reached the randomly moving goal successfully even though all the obstacles that have enlarged safety zones are moving randomly near the goal. For larger obstacles, safety zones are also enlarged so as to "wrap" the obstacle completely. It is seen then that the developed scheme works well even for large obstacles. Also, it is seen that the goal is hidden under obstacle 4. In Figure 3 .4(b), the mobile robot is on its way to reach a randomly mov ing goal wh ile all obstacles are also moving randomly. The mob ile robot's path and the trail of the goal can be seen. It is seen again that the goal is still hidden under obstacle 4. In Figure 3 As seen, in the generation of the path for the mobile robot, if the mobile robot detects any possible collision with any obstacle (say obstacle 5), it will locate the viapoint and move towards the via-point to avoid obstacle 5. In the next iteration, the mobile robot will still check for any possible collision with any obstacle again, since it is very possible that obstacle 5 is still in its way. The mobile robot will locate the new v ia-point at this time and move towards the new via-point to avoid obstacle 5. This is because of the change in obstacle 5's position all the time, i.e., the rando m movement of obstacle 5. After a certain period of time, obstacle 5 may co mpletely go away fro m the mobile robot's path. It is very rare for the mobile robot to go to a v ia-point and then to the goal directly unless there are stationary or slowly moving obstacles. For a stationary or slowly moving obstacle, the path of the mobile robot is described as shown in Figure  2 .5.
It should be noted that, in the generation of the path for the mobile robot, since all the bodies, i.e., the mobile robot, the goal as well as the multip le obstacles, are moving, it is d ifficult to catch by eyes whether any collision is occurring. To solve this problem, an alarm is set in MATLAB. As long as the mob ile robot collides with any obstacle by any chance, the alarm will sound and the program will be stopped. Nu merous real-time simu lations with different settings are performed successively. Due to limitation of space, only three sets of simulation results are presented in this article,
IV. CONCLUSION
In this article, the proposed mathematical approach is implemented in real-t ime to generate a 3-D path for the mobile robot to track and reach a randomly moving goal while avoiding all five rando mly moving obstacles. The developed scheme is effect ive with the drawbacks of the dynamic potential field method eliminated. The relat ive velocities of the mobile robot, goal, and obstacles are considered in the generation of the path. This method can be essentially implemented in real life to avoid randomly moving obstacles to reach a randomly moving goal. MATLAB simulation validates the proposed method.
Future work could be the consideration of a larger number of obstacles with different velocities. Moreover, mu ltip le mobile robots can be considered in place of a single mobile robot. 
